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The unitarised Eikonal Born series (UEBS) method has been used successfully by Byron et al. for 
elastic scattering of electrons and positrons by hydrogen atoms. Here an attempt is made to apply 
the UEBS method in the case of elastic scattering of electrons by helium atoms. The total and 
differential cross sections are calculated for the energy range 100-700 eV. The results are compared 
with experimental and other theoretical results. It is found that the results obtained with the UEBS 
method agree best with the experimental results. 

There is no simple yet satisfactory method for com-
put ing the scattering of electrons by helium a toms in 
the intermediate energy region. After the int roduct ion 
of the Eikonal approx imat ion in the potential scatter-
ing theory by Moliere [1], G laube r [2] extended it by 
using a frozen target approx imat ion to convert the 
many body scattering problem into a potential scatter-
ing problem in which the potent ial depends on the 
coordinates of the target. However this could not be 
free f rom some drawbacks (Byron et al. [3]). To elimi-
nate the deficiencies of the eikonal approximat ion and 
the Glauber many body generalization, Byron and 
Joachain [4] formula ted the Eikonal-Born series (EBS) 
method. But the EBS m e t h o d was not unitarised. O n 
the other and, Wallace [5, 6] in t roduced a systematic 
correct ion to the Eikonal phase that did not account, 
however, for long range polar izat ion effects at small 
angles and represented absorp t ion inadequately. To 
eliminate these difficulties, Byron et al. [7] suggested to 
remove the second order Wallace term / W 2 f rom the 
Wallace ampl i tude / w and to replace it by the second 
Born term fB2. The direct ampl i tude thus obtained 
was called the Unitar ised Eikonal Born series (UEBS) 
ampli tude. They applied the U E B S method success-
fully to the elastic scattering of electrons and posi t rons 
by hydrogen a toms in the energy range 100 to 400 eV 
[7] and obta ined better results than those obtained 
with the o ther methods . In the present investigation 
the U E B S me thod is applied to the elastic scattering of 
electrons by He a toms in the intermediate energy 
range. 
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The interaction potent ia l between the electron and 
the helium a tom in the direct a r rangement channel 
can be expressed as (in a tomic units) 

/ I 1 2 \ 
V(r,r1,r2) = ( - - + - , (1) 

Vlr-rJ \r-r2 \ \r\J 

where r, rt and r2 are the posi t ion vectors of the 
incident electron and target electrons, respectively, 
with respect to the target nucleus. In the cylindrical 
coordinate system, r = b + z f j , r l = bl + z 1 f j and r2 = 
b2 + z2 rj, where rj is chosen perpendicular to the mo-
mentum transfer k. If kx and kf are the initial and final 
wave vectors, then k = k{ — k(. 

The Eikonal phase Xo(b, bx • b2) is given by 
00 

X0(b,bub2)= j V(b, z,r1,r2)dz . (2) 
— oo 

Substi tuting V f rom (1) in to (2), Xo is obta ined as 

l0(b,b„b2)=\n ( ^ J r ) (3) 

with ß^ = b bx and ß2 = b — b2. 
The Wallace correct ion is 

00 
X1(b,r1,r2) = i f (V*+-V*_)dz, (4) 

— 00 

where 
z 

X+(b,z,r1,r2) = - j V(b, z',rt, r2) dz', (5) 
— 00 
oo 

X-(b, z, r i , r 2 ) = - j V(b, z', rx, r2) dz'. (6) 
2 

Using (4), (5) and (6), Xi is obtained as 

Xl(b,r1,r2) = 2I1 + 2 I 2 - I 3 , (7) 
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where P1/2 and P_ 1 / 2 are Legendre functions and ß, = ß j \ ß, | , 

/ n y,2 ß2=ß2/\ß2\,b = b/\b\. 
Ix — I J ( p 1/2({71) —bß, P i / 2 ( t / i ) ) , I n t h e present calculations the Har t ree -Fock wave 

ßi/ function for the ground state of the helium a t o m has 
been used. It is given by (Byron an d Joachain [4]) 

I 2 = [ ^ j \ P - m ( V 2 ) - b ß 2 P l l A U 2 j ) , ^ l 3 ( r l t r 2 ) (8) 

1 
n y / 2 ä ä = — {(Ae~yiri +Be~y2ri)(Ae~yir2+Be~y2r2j). 

h = ( ^ ß - J ' 2 ( p - m m - ß 1 ß2 pll2m), 4TT 

The normalizat ion constant and exponent ia l pa rame-U2 I o2 , _2 l.2 I o2 , _2 r r 

U^ =
 0 + P l + Z l ? JJ• _ 0 + p 2 + z 2 ^ t e r i n ^ a r e g i v e n a s follows; >2+ßl+zl JJ _ b2 + ß\-\ ~2 

2b ß, ' 2 26 0, 

ßi + ßi+i^-z,)2 
A = 2.60505, B = 2.08144, ^ = 1 . 4 1 and y 2 = 2 . 6 1 . 

2 ß , ß 2 According to the U E B S method , the scattering am-
plitude / U E B S is given by (Byron et al. [7]) 

/uEBS — /w /w2 + /b2 ' 

where / w , 7w2> an<^ 7b2 a r e the Wallace ampli tude, 
second order Wallace term and second Born term, 
respectively. 

F o r S -*• S t ransi t ions / w and fw2 can be written as (Byron et al. [7]) 
oo 

/ w ( S — S) = - ik{ J J0(kb) < ^ m ( r i , r2)| [exp i{FCR1
 Zo(A, r , , r2) + FCR3 (A, , r 2 ) } - 1 ] | « / ^ C I , r2)> b db , (10) 

o 

oo 

/ W 2 ( S S) = j J0(fcft) ^ „ ( ' i , r 2 ) | { i i /c r 1 r l f r 2 ) + fcr2
 Z l(A, r x , r2)} | > ' 2 )> b db . (11) 

o 

Here and cor repond to S-states. 
We have replaced Jß2 by the simplified second Born term fSB2 which is taken as (Joachain [8]) 

7SB2 — 

) dk <0| i | ( e x p ( i k x • r j - l ) £ exp ( i* 2 - |0> 

k2k2(k2-P2-ie) 
(12) 

where k, = k{ — k, k2 = k — k(, P2 = kf — 2W, W = mean excitation energy = 1 - 3 a.u. 
In this case we have used the first Born exchange ampli tude g B 1 , which is given by (Byron et al. [7]) 

gBl = -{2n)~1 <exp(Z*f • r 1 ) ^ 1 3 ( r 1 , r 2 ) \V
P \ exp( i* , • r) tA1 3(r l 5 r2)> . (13) 

The exchange potential for the e-He collision is taken as 

/ 1 1 2 \ 

The differential cross section 1(6) and total cross section Qt for the e-He elastic collision are obta ined by the 
relations 

' ( 0 ) = I /UEBS -0~ b 1 I 2 , Q t = J / ( 0 ) d ß . (15), (16) 
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Table 1. Total cross sections (a2) for the elastic scattering of 
electrons by helium atoms in the energy range 100-700 eV. 

Energy Theoretical values Experimental values 
lev; 

Present EBS OM Dalba Blaauw Kauppila 
UEBS et al. et al. et al. 

(1979) (1980) (1981) 

100 4 .135 4 .57 6.16 4 .15 3.97 3 .96 
2 0 0 2.751 2 .89 3.37 2 .73 2 .58 2 .55 
300 1.993 2 .14 2.38 2 . 0 2 1.98 1.95 
4 0 0 1.664 1.71 1.86 1.61 1.64 1.61 
500 1.398 1.44 1.54 1.35 1.35 1.36 
7 0 0 1.015 1.10 1.16 1.01 1.04 

Results and Discussions 

T h e to t a l c ross sec t ions (TCS) a n d di f ferent ia l c ros s 
sect ions (DCS) for the elast ic s ca t t e r ing of e l ec t rons by 
he l ium a t o m s , ca lcu la t ed fo r inc iden t energies r a n g i n g 
f r o m 100 eV to 700 eV, a r e given in Tables 1 a n d 2, 
respectively. T h e T C S resul ts a re c o m p a r e d w i th t he 
theore t ica l resul ts ca lcu la t ed us ing t he E B S m e t h o d 
(Byron a n d J o a c h a i n [9]) a n d t he op t i ca l p o t e n t i a l 
m o d e l ( O M ) (Byron a n d J o a c h a i n [10]), a n d w i th t he 
expe r imen ta l resul ts of D a l b a et al. [11], B l a a u w et al. 

Table 2. Differential cross sections (a2/sr) for the elastic scattering of electrons by helium atoms in the energy range 
100 - 700 eV as obtained from the present UEBS theory. 

Angle 100 200 300 400 500 700 
(degrees) 

0 3.911 2.813 2.283 1.909 1.815 1.664 
5 3.073 1.895 1.334 9.993 - 1 ) 9.123 - 1 ) 7.561 - 1 ) 

10 2.210 1.108 8.109 - 1 ) 6.567 - 1 ) 5.592 - 1 ) 4.443 - 1 ) 
20 1.121 5.394 - 1 ) 3.559 - 1 ) 2.751 - 1 ) 2.187 - 1 ) 1.507 - 1 ) 
30 6.225 - 1 ) 2.591 - 1 ) 1.743 - 1 ) 1.191 - 1 ) 8.969 - 2 ) 5.438 - 2 ) 
40 3.458 - 1 ) 1.470 - 1 ) 8.391 - 2 ) 5.611 - 2 ) 3.927 - 2 ) 2.199 - 2 ) 
50 2.201 - 1 ) 8.650 - 2 ) 4.583 - 2 ) 2.899 - 2 ) 1.891 - 2 ) 1.071 - 2 ) 
60 1.391 - 1 ) 5.291 - 2 ) 2.633 - 2 ) 1.639 - 2 ) 1.006 - 2 ) 5.756 - 3 ) 
70 9.838 - 2 ) 3.390 - 2 ) 1.711 - 2 ) 9.887 - 3 ) 6.399 - 3 ) 3.577 - 3 ) 
80 7.082 - 2 ) 2.359 - 2 ) 1.189 - 2 ) 6.653 - 3 ) 4.313 - 3 ) 2.308 - 3 ) 
90 5.248 - 2 ) 1.708 - 2 ) 8.401 - 3 ) 4.918 - 3 ) 3.015 - 3 ) 1.626 - 3 ) 

100 4.306 - 2 ) 1.363 - 2 ) 6.289 - 3 ) 3.717 - 3 ) 2.387 - 3 ) 1.208 - 3 ) 
120 3.147 - 2 ) 9.924 - 3 ) 4.310 - 3 ) 2.451 - 3 ) 1.572 - 3 ) 7.893 - 4 ) 
140 2.528 - 2 ) 8.197 - 3 ) 3.407 - 3 ) 1.852 - 3 ) 1.181 - 3 ) 6.033 - 4 ) 
160 2.193 - 2 ) 7.266 - 3 ) 3.029 - 3 ) 1.572 - 3 ) 9.797 - 3 ) 5.009 - 4 ) 
180 1.979 - 2 ) 6.519 - 3 ) 2.843 - 3 ) 1.489 - 3 ) 9.135 - 3 ) 4.612 - 4 ) 

Table 3. Comparison of various theoretical and experimental differential cross sections for elastic electron-helium scattering 
at an incident electron energy of 200 eV. All results are in a2/sr. Numbers in parenthesis are powers of ten. 

Angle Theoretical values Experimental values 
(degrees) 

Present EBS O M Bromberg Sethuraman Jansen et al. 
UEBS (1974) et al. (1974) (1976) 

0 2.813 3.16 2.99 - - -

5 1.895 2.12 1.98 1.73 - 1.68 
10 1.108 1.34 1.25 1.12 - 1.08 
20 5.394 - 1 ) 5.83 - 1 ) 5.75 - 1 ) 5.27 - 1 ) - 5.28 ( - 1 ) 
30 2.591 - 1 ) 2.88 - 1 ) 2.91 - 1 ) 2.76 - 1 ) 2.63 - 1 ) 2.81 ( - 1 ) 
40 1.470 - 1 ) 1.54 - 1 ) 1.55 - 1 ) 1.52 - 1 ) 1.57 - 1 ) 1.51 - 1 ) 
50 8.650 - 2 ) 8.81 - 2 ) 8.86 - 2 ) 8.91 - 2 ) 9.30 - 2 ) 8.85 - 2 ) 
60 5.291 - 2 ) 5.44 - 2 ) 5.43 - 2 ) 5.57 - 2 ) 5.38 - 2 ) -

70 3.390 - 2 ) 3.63 - 2 ) 3.57 - 2 ) 3.72 - 2 ) 3.57 - 2 ) -

80 2.359 - 2 ) 2.59 - 2 ) 2.49 - 2 ) 2.63 - 2 ) 2.47 - 2 ) -

90 1.708 - 2 ) 1.97 - 2 ) 1.84 - 2 ) 1.90 - 2 ) 1.77 - 2 ) -

100 1.363 - 2 ) 1.57 - 2 ) 1.42 - 2 ) 1.45 - 2 ) 1.40 - 2 ) -

120 9.924 - 3 ) 1.13 - 2 ) 9.51 - 3 ) -

- 2 ) 
9.80 - 3 ) -

140 8.197 - 3 ) 9.15 - 3 ) 7.28 - 3 ) - 6.80 - 3 ) -

160 7.266 - 3 ) 8.14 - 3 ) 6.24 - 3 ) - -

- 3 ) 
-

180 6.159 - 3 ) 7.84 - 3 ) 5.94 - 3 ) - - -
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Table 4. Comparison of various theoretical and experimental differential cross sections for elastic electron-helium scattering 
at an incident electron energy of 500 eV. All results are in a2/sr. Numbers in parenthesis are powers of ten. 

Angle 
(degrees) 

Theoretical values Experimental values 

Present EBS OM Bromberg Sethuraman Jansen et < 
UEBS (1974) et al. (1974) (1976) 

1.815 2.03 1.98 _ _ _ 
9.123 ( - 1) 9.85 ( - 1 ) 9.34 ( - 1 ) 9.47 ( - 1 ) - 9.06 ( - 1 ) 
5.592 ( - 1) 5.80 ( - 1 ) 5.63 ( - 1 ) 5.77 ( - 1 ) - 5.50 ( - 1 ) 
2.187 ( - 1) 2.26 ( - 1 ) 2.23 ( - 1 ) 2.26 ( - 1 ) - 2.24 ( - 1 ) 
8.969 ( - 2) 9.08 ( - 2 ) 8.91 ( - 2 ) 9.15 ( - 2 ) 9.41 ( - 2 ) 9.33 ( - 2 ) 
3.927 ( - 2) 4.02 ( - 2 ) 3.93 ( - 2 ) 4.10 ( - 2 ) 4.13 ( - 2 ) 4.12 ( - 2 ) 
1.891 ( - 2) 2.20 ( - 2 ) 1.95 ( - 2 ) 2.02 ( - 2 ) 1.85 ( - 2 ) 2.03 ( - 2 ) 
1.006 ( - 2) 1.14 ( - 2 ) 1.08 ( - 2 ) 1.13 ( - 2 ) 1.11 ( - 2 ) -

6.399 ( - 3) 7.09 ( - 3 ) 6.58 ( - 3 ) 6.87 ( - 3 ) 6.10 ( - 3 ) -

4.313 ( - 3) 4.79 ( - 3 ) 4.31 ( - 3 ) 4.48 ( - 3 ) 3.83 ( - 3 ) -

3.015 ( - 3) 3.45 ( - 3 ) 3.01 ( - 3 ) 3.13 ( - 3 ) 2.54 ( - 3 ) -

2.387 ( - 3) 2.63 ( - 3 ) 2.22 ( - 3 ) 2.30 ( - 3 ) 1.78 ( - 3 ) -

1.572 ( - 3) 1.74 ( - 3 ) 1.38 ( - 3 ) - 9.30 ( - 4 ) -

1.181 ( - 3) 1.33 ( - 3 ) 1.01 ( - 3 ) - 7.30 ( - 4 ) -

9.797 ( - 4) 1.14 ( - 3 ) 8.38 ( - 4 ) - - -

9.135 ( - 4) 1,08 ( - 3 ) 7.90 ( - 4 ) - - -
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[12], and Kauppi la et al. [13]. Detailed compar isons of 
the present D C S values with the theoretical results 
calculated using the EBS and O M theories and exper-
imental results of Bromberg [14], Se thuraman et al. 
[15] and Jansen et al. [16] for the energies 200 and 
500 eV are shown in Tables 3 and 4, respectively. The 
present T C S values are smaller than those obtained 
f rom the EBS and O M methods . But they are in better 
agreement with the experimental results of Kauppi la 
et al. [13]. The present D C S values are smaller than 
those obta ined with the EBS method in the given 
angular and energy region, but they are found in bet-
ter agreement with the experimental results than those 
f rom EBS method. This shows an improvement in the 
T C S and D C S values due to the unitarisat ion of the 
EBS method . Also, there is good agreement between 
the present results and O M results at small angles. At 
large angles there is poo r agreement between the pres-
ent results and the O M results, and also between the 

[1] G. Moliere, Z. Naturforsch. 2 a, 133 (1947). 
[2] R. J. Glauber, Lectures in Theoretical Physics, Vol. I 

(W. F. Brittin, ed.), Interscience, New York 1959, p. 315. 
[3] F. W. Jr. Byron and C. J. Joachain, Phys. Rev. A 8, 1267 

(1973). 
[4] F. W. Jr. Byron, C. J. Joachain, and E. H. Mund, Phys. 

Rev. D 8, 2622 (1973). 
[5] S. J. Wallace, Phys. Rev. Lett. 27, 622 (1971). 
[6] S. J. Wallace, Ann. Phys. N.Y. 78, 190 (1973). 
[7] F. W. Byron, C. J. Joachain, and R. M. Potvliege, J. Phys. 

B, At. Mol. Phys. 15, 3915 (1982). 
[8] C. J. Joachain, Quantum collision theory, North Holland 

Publishing Co., Amsterdam 1975. 
[9] F. W. Jr. Byron and C. J. Joachain, J. Phys. B, At. Mol. 

Phys. 10, 207 (1977 a). 

EBS and the O M results. At large angles the conver-
gence of the per turba t ion theory is slow. Since the O M 
method treats the static potential , which is very im-
por tan t in large angle scattering, exactly to all orders 
of per turba t ion theory, the optical model is more 
accurate than the Eikona l -Born series me thod at large 
angles (Byron and Joachain [10]). However, at large 
angles some improvement is observed in the present 
results as compared to the EBS results. The present 
results can fur ther be improved by using U E B S ex-
change ampli tudes (Byron et al. [7]). 

Acknowledgement 

The au thors are thankfu l to Professor H. S. Desai of 
the M.S. University of Baroda , Vadodara for active 
part icipation in discussions th roughout the work. The 
authors also thank Mr. B. A. Joshi of Physics Depar t -
ment, Saurasht ra University, Ra jko t for taking par t in 
discussions and helping in computa t ion work. 

[10] F. W. Jr. Byron and C. J. Joachain, Phys. Rev. A 15, 128 
(1977). 

[11] G. Dalba, P. Fornasini, I. Lazzizzera, G. Ranieri, and 
A. Zecca, J. Phys. B, At. Mol. Phys. 12, 3787 (1979). 

[12] H. J. Blaauw, F. J. de Heer, R. W. Wagenaar, and D. H. 
Barends, J. Phys. B 13, 359 (1980). 

[13] W. E. Kauppila, T. S. Stein, J. H. Smart, M. S. Dubab-
neh, Y. K. Ho, J. P. Downing, and V. Pol, Phys. Rev. A 
24, 725 (1981). 

[14] J. P. Bromberg, J. Chem. Phy. 61, 963 (1974). 
[15] S. K. Sethuraman, J. A. Rees, and J. R. Gibson, J. Phys. 

B 7, 1741 (1974). 
[16] R. H. J. Jansen, F. J. de Heer, H. J. Luyken, B. Vanwinger-

den, and H. J. Blaauw, J. Phys. B, At. Mol. Phys. 9, 185 
(1976). 


